In this paper, an integrated layout model has been considered to incorporate intra and interdepartment layout. In the proposed model, the arrangement of facilities within the departments is obtained through the QAP and from the other side the continuous layout problem is implemented to find the position and orientation of rectangular shape departments on the planar area. First, a modified version of QAP with fewer binary variables is presented. Afterward the integrated model is formulated based on the developed QAP. In order to evaluate material handling cost precisely, the actual position of machines within the departments (instead of center of departments) is considered. Moreover, other design factors such as aisle distance, single or multi row intra-department layout and orientation of departments have been considered. The mathematical model is formulated as mixed-integer programming (MIP) to minimize total material handling cost. Also due to the complexity of integrated model a heuristic method has been developed to solve large scale problems in a reasonable computational time. Finally, several illustrative numerical examples are selected from the literature to test the model and evaluate the heuristic.
Introduction
Facility layout is an important and complex problem for today's manufacturing systems. A facility layout problem (FLP) is about arranging physical departments and facilities within a manufacturing or service systems. The most commonly considered criterion in developing a FLP is to minimize total material handling distance/cost (Heragu & Kusiak, 1988) . According to Tompkins et al. (2003) , between 20% and 50% of total operating expenses within manufacturing is attributed to material handling. In a manufacturing system, the material handling function includes transportation of work-inprocess (WIP), finished parts, materials and tools between machines or workstations. An efficient layout contributes to reduce production cycles, WIP, Idle times, number of bottlenecks or material handling times and the increase in the production output and productivity (Sule, 1994) .
The FLP has attracted extensive attention from industry and academia in last decades. Researches: Kusiak and Heragu (1987) , Meller and Gau (1996) , Singh and Sharma (2005) and Drira et al. (2007) summarized detailed review, different modeling and solution procedures to the FLP. Due to the complexity of the problem only limited number of papers have addressed exact solution methods for the FLP; however, the majority of work on the FLP has focused on heuristic and meta heuristic approaches to find good solutions.
In the FLP, it is assumed that the areas of the departments are known, although the exact department shapes are typically not specified in advance. However, it is commonly assumed that departments will take rectangular shapes. The final solution of the layout problem is a block layout that shows the coordinate information including the dimensions and location of each department. Heragu & Kusiak (1991) developed a special case of the FLP, where the length, width, and orientation of the department are known in advance. Exact solution methods based on MIP up to now cannot solve large FLP problems (more than nine departments) in a reasonable time (Konak et al., 2006) . From the other side, the QAP can solve the larger size problems, by assuming that all departments are equal-sized and must be allocated to the predetermined locations (candidate points), nevertheless QAP cannot solve large scale problems optimally in a polynomial time when the departments size is above 15 facilities. It is possible to model unequal area departments in the QAP formulation by breaking the departments into small grids with equal areas and assigning large artificial flows among them to prevent the separation of grids of the same department (Kaku et al., 1988; Kusiak & Heragu, 1987; Kochhar et al., 1998) . However, this significantly increases the number of integer variables in the formulation so that solving even small problems becomes difficult.
The design of an efficient manufacturing system must take into account a number of issues including the determination of the products to be manufactured, the manufacturing or service processes to be used, the quantity and type of equipment required, and the preliminary process plans. In practice, due to the complicated nature of the integrated problem, these decisions are taken by breaking the main problem into several sub problems and considering interaction among them. For instance, according to Wemmerlöv & Hyer (1986) , the design of a cellular manufacturing system (CMS) includes (1) cell formation (CF) -grouping parts with similar design features or processing requirements into part families and associated machines into machine cells, (2) group layout -layout machines within each cell (intra-cell layout) and cells with respect to another (inter-cell layout), (3) group schedulingscheduling parts and part families for production, and (4) resource allocation -assigning tools and human and materials resources.
Layout types used in manufacturing systems can be classified as process layout, product layout, cellular layout (GT), fixed-position layout, hybrid layout, etc. In these layout types, facilities can be arranged in different shapes such as single-row, multi-row, circular, U-shape, etc. However, enforcement of facilities to get arranged in a pre-specified layout shape may increase the total distance traveled by the materials (Solimanpur et al., 2005) . In most of mentioned layout types, especially process layout and cellular layout, the layout problem is an essential part of production process design, but mostly due to overwhelming complexity in the nature of these problems, layout problem is studied as a separate part. Hicks (2006) presented a layout design tool based on genetic algorithm (GA), which can be applied to cellular or non-cellular facilities. They tested the proposed tool using case study from a collaborating capital goods company and concluded that when the layout is considered as brown-field problem there is a reduction of total rectilinear distance travelled of 25% compared to the company's layout, while when the layout is treated as a green-field problem, the total rectilinear distance travelled is reduced by 70%. Tavakkoli-Moghaddam et al. (2007) developed a new mathematical model to solve a facility layout problem in CMSs with stochastic demands. They assumed that both machines and cells (departments) are equal-sized and used an integrated assignment model to allocate cells and machines to predefined locations on how total costs of inter and intra-cell movements can be minimized. Finally, they realized that depending on the attitude of the decision maker towards uncertainty, the optimal layout can be changed significantly. Chan et al. (2006) presented a two-stage approach for solving CF problem as well as cell layout problem, where the first stage is to identify machine cells and part families and the second stage is to find the linear arrangement of the machine cells as a QAP in order to minimize intercellular movement distance unit. They employed GA to solve the problem.
There are some efforts in the literature that consider the layout problem with other design factors, simultaneously (see Akturk & Turkcan, 2000; Chiang & Lee, 2004; Wu et al., 2007; Taghavi & Murat, 2011) . However, in order to handle the complexity of the problem, the authors have to apply some unrealistic assumptions such as: enforcement facilities to get arranged in linear layout, minimization of total number of inter-department (inter-cell) movements due to the exceptional elements in the CMS approach instead of actual inter-department material handling cost, fixed position of departments, equal-sized departments, etc.
Briefly, the traditional models of facility layout design in manufacturing systems, which result in a block diagram, departments (cells) sequence and linear arrangement of facilities, have limitations in revealing the information necessary for designing manufacturing facilities. Therefore, exploration of integrated layout model that concurrently determines intra and inter-department layout is necessary. To fill this gap, in this paper an integrated layout problem will be developed, that incorporates intra and inter-department layout.
In the proposed model the arrangement of facilities within the departments is obtained through the QAP and from the other side, the continuous layout problem is implemented to find the position and orientation of rectangular shape departments on the planar area. In fact in the proposed model the speed of QAP in department level is combined to the flexibility and accuracy of continuous layout in plant floor level. In order to evaluate material handling cost precisely the actual position of machines within the departments (instead of center of departments) is considered. Moreover other design factors such as aisle distance, single or multi row inter department layout and orientation of departments have been considered. Before formulating the integrated model, a modified version of QAP, with fewer binary variables and under conditions is developed (this model can solve small and small-to-medium scale problems in a shorter computational time).Then the integrated model is formulated based on the developed QAP in order to minimize total inter and intra-department material handling cost. In addition, a heuristic algorithm has been proposed to solve large-scale problems in a reasonable computational time. One of the applications of proposed model is in layout design of CMS. Therefore, several illustrative numerical examples are selected from the literature of CMS in order to test the proposed model and evaluate the performance of heuristic method.
A new formulation on the QAP
In this section, a modified version of QAP is presented in order to solve small and small-to-medium scale problems in a shorter computational time. The QAP was originally introduced by Koopmans & Beckmann (1957) , and generally defined as assignment of M facilities to N candidate points ( Fig. 1.a) by minimizing total material handling cost. In this paper, it has been assumed that each department is divided into candidate points, where facilities must be assigned to them, therefore we have a QAP in each department. In the modeling of the QAP, a set of binary variables ( ) is used to assign the facilities to the candidate points (if 1 then facility is assigned to candidate point , and 0 otherwise).The QAP can be formulated as the following integer program with quadratic objective function:
QAP: min . . . .
(1) subject to:
where is material flow cost per unit distance between facility and , is material flow between facility and , and is distance between candidate point and .
Objective function (1) minimizes the total material handling cost, constraint (2) ensures that each facility is assigned to only one candidate point and constraint (3) assures that each candidate point is occupied by utmost one facility.
There are three main methods used to find the global optimal solution for a given QAP: dynamic programming, cutting plane techniques, and branch and bound procedures. Research has shown that the latter is the most successful for solving instances of the QAP (Commander, 2003) .The first attempts to solve the QAP eliminated the quadratic term in the objective function (i.e. . ), in order to transform the problem into a MIP. The linearization of the objective function is usually achieved by introducing new variables and new linear (and binary) constraints. Here a method from Kaufmann and Broeckx (1978) which has the smallest number of variables and constraints is applied to linearize the QAP. They rearranged objective function (1) to the following expression: ∑ ∑ ∑ ∑ . . . , then they defined new positive variable as follows:
∑ ∑ . . . and showed that the QAP is equivalent to the following MIP:
Sahni and Gonzalez (1976) proved that the QAP belongs to the class of computationally hard problems known as NP-complete (i.e. there is no algorithm which can solve the QAP to optimality in polynomial time), and the problems of size greater than 15 facilities remain nearly intractable.
In order to decrease the number of binary variables, it is assumed that candidate points have been composed of pre-specified columns and rows, such as a grid (see Fig.1 .b, there is 4 columns and 3 rows with 12 candidate points), also following conditions must be met:
I. Widths of all rows in column are equal II. Heights of all columns in row are equal To formulate the problem two sets of binary variables and are used to assign the facilities to the candidate points where and are concerned with the horizontal and vertical facility assignment respectively (e.g. in Fig. 1 .b, 1represents that M5 is assigned to column 3 and row 2).
The MIP formulation of the grid representation quadratic assignment problem (GRQAP) is as follows:
, ,
1, ,
1, , ,
0, , , ,
, , ,
where denotes horizontal coordinate of center of column and denotes vertical coordinate of center of row with respect to the origin. Objective function (8) minimizes the total material handling cost. Constraints (9) and (10) linearize the absolute value term in the horizontal and vertical distance function, constraints (11) and (12) ensure that each facility is assigned to only one column and row, respectively. Constraint (13) restricts that each candidate point is occupied by utmost one facility. Constraints (14) linearizes the nonlinearity due to the multiplication of two binary variables (where . ). Finally constraints (15)- (18) are the logical binary and non-negativity requirements on the decision variables. Table 1shows 
Numerical example 1
In this section, several small and small-to-medium scale problems have been selected from the literature in order to compare the GRQAP and QAP. In these examples it is assumed that the dimension of all facilities is1×1. All problem instances were solved by using CPLEX 10 on a PC with 2.4 GHz CPU, 2 GB memory, and Windows 7 operating system. The computational results have been reported in Table 2 . All numerical instances were solved optimally by the GRQAP; while the QAP could not solve some cases optimally and the solver was interrupted due to insufficient physical memory. It means that the GRQAP needs relatively less physical memory. In addition, the results show that the GRQAP can solve the problem in shorter computational time than QAP. The average improvement percent in solution time(except the cases which weren't solved optimally) is 52.52%.So it is concluded that the GRQAP can solve small and small-to-medium scale problems about two times as fast as the QAP.
Formulating the integrated facility layout problem
In this section, the integrated facility layout problem (IFLP) is formulated, under the following notations:
Indices: As it was concluded in the previous section, in contrast with the traditional QAP, the GRQAP can solve problems in a shorter computational time and with less physical memory. After combining GRQAP and continuous layout model and applying some standard linearization methods, the IFLP is formulated as the following MIP model:
subject to:
. .
.
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The objective function (19) minimizes the total material handling cost, including inter and intradepartment material handling costs. Note that in the intra-department material handling cost function, the indexes of have been reduced to , (e.g. or ). Constraints (20) and (21) linearize the absolute value term in the intra-department rectilinear distance function, constraints (22) and (23) linearize the absolute value term in the inter-department rectilinear distance function, constraints (24) and (25) linearize the quadratic term due to the product of a binary variable and a free expression within the absolute value terms in constraints (22) and (23) The functions of remaining constraints are as follows: Constraints (26) and (27) ensure that each facility is assigned to one column and one row respectively, constraints (28) restricts that each candidate point in each department can be occupied by utmost one facility, constraint (29) linearizes the nonlinearity of . , where the auxiliary variable is equal to . . Set of constraints (30)-(33) ensure that departments do not overlap, also in these constraints, , and are auxiliary binary variables. Finally, constraints (34)-(41) are the logical binary and non-negativity requirements on the decision variables.
Numerical example 2
As it was mentioned before, one of the applications of the proposed model is in the layout design of CMS i.e. after specifying machine cells and part families. To show this application, several small, medium and large scale numerical examples have been selected from the literature of CMS, and the IFLP is applied on them. Note that in these examples expression of 'cell' is equivalent to'department' and term of 'machine' is equivalent to 'facility'.
Small scale problems
The first small scale problem (S1) has been selected from Akturk & Turkcan (2000) ; they concluded that 3 machine cells must be formed to produce 20 parts. The information corresponds to machine cells and material flow cost ( . ) among machines has been given in Table 4 . It is necessary to mention that this table has been obtained according to demand of parts, processing routes of parts and inter and intra-cell material handling cost, that are exist in the reference paper.
Table 4
The material flowcost among machines (problem S1) The problem S1 has been solved for different cell sizes as the following cases: S1-1, S1-2 and S1-3. Table 5 shows the dimension of each case. Table 7 summarizes optimum layout of each problem, including cell layout and layout of machines within the cells. The results revealed that by changing the number of rows and columns in each cell, the total material handling cost has been changed, considerably. For example, in S1-1, the layout of machines within all cells are single row and the resulted material handling cost is 26779.6, while in S1-2 by changing the number of rows and columns the material handling cost has been reduced to 24444.3 with a gap of 9%; or by comparing S1-1 and S1-2, it is concluded that the material handling cost has been reduced about 5%. Therefore, in order to attain better solution, the decision maker should consider different dimension of the cells. The next small scale problem (S2) is selected from Cheng et al. (1966) ; this problem contains 20 parts and 10 machines. They grouped parts into 3 part families that should be produced using 3 machine cells with 5, 3 and 4 machines in cell 1, 2 and 3 respectively. Table 6 presents the material flow among machines, for the proposed problem. In addition, the unit intra and inter-cell handling cost per unit distance is assumed 5 and 7 units, respectively. This problem has been solved in three cases, including S2-1, S2-2 and S2-3. In S2-1 the layout of machines within all cells is linear and in S2-2it is multi rows for cell 1 and 3. Also S2-3 is similar to S2-2 ,0.5 units for aisle distance.
Table 6
Material flow among machines (Problem S2) S2-1, S2-2 and S2-3 were solved optimally and the results have been summarized in Table 7 . The results show that, unlike S1, by increasing the number of rows, total material handling cost has been increased.
Table 7
The computational results of small scale problems 
Medium scale problems
In this section in order to evaluate the performance of IFLP on medium scale problems, several numerical examples are selected from Adil & Rajamani (2000) , Harhalakis et al.(1990) and Ramabhatta & Nagi (1996) . The first medium scale problem has been selected from Adil and Rajamani (2000) . They implemented a simulated annealing algorithm (SAA) on a CMS problem from Harhalakis et al. (1990) with 20 parts and 20 machines, to minimize the number of inter-cell moves. They concluded that the solution obtained by the SAA is better than the solution reported by Harhalakis et al. (1990) . They specified 3 machine cells with 13 inter-cell moves, while Harhalakis et al. (1990) specified 4 machine cells with 14 inter-cell moves. Table 8 and Table 9 show the material flow among machines based on the solutions reported by Adil & Rajamani (2000) and Harhalakis et al. (1990) , respectively. In these problems the material flow are calculated according to processing routes of parts. In addition, it is assumed that the unit inter and intra-cell material handling cost per unit distance are 15 and 10 units, respectively.
Table 8
Material flow among machines (Problem M1)
1-1 1-2 1-3 1-4 1-5 1-6 2-1 2-2 2-3 2-4 2-5 2-6 2-7 3-1 3-2 3-3 3-4 3-5 3-6 3- Each of solutions reported by Adil & Rajamani(2000) and Harhalakis et al. (1990) are studied under two cases. In M1-1 and M2-1, the layout of machines within all cells is single row (linear), and in M1-2 and M2-2 it is multi rows. The solutions of these cases have been summarized in Table 10 .The problems were solved with good optimality gap and the results show that M1-2 gives the smallest material handling cost.
The next medium scale problem, M3 has been selected from Ramabhatta and Nagi (1996) , they specified 4 machine cells with 1, 6, 6 and 2 machines in the cells 1-4 respectively. They developed a CMS model to minimize the number of inter-cell material flow instead of the inter-cell material handling cost, and finally it was realized that the total number of inter-cell movements is 83. Now this problem is solved by the IFLP (considering inter and intra-cell material handling cost). It is assumed that the unit inter and intra-cell handling cost per unit distance are 7 and 5 units, respectively, also width of the aisle distance is assumed 0.5 units. M3 is studied under two cases, linear intra-cell layout (M3-1) and multi row intra-cell layout (M3-2). Table 10 shows the optimum solutions for M3-1 and M3-2. Both cases were solved optimally and finally it was concluded that in this problem multi row layout is better than linear layout with a gap of 10%.
Table 10
The computational results of medium scale problems 3×20 Cell 1: 1-1 1-2 1-5 1-6 1-3 1-4 Cell 2: 2-6 2-5 2-7 2-2 * 2-4 2-3 2-1 Cell 3: 3-7 3-4 3-1 3-6 3-5 3-3 3-2 *
Large scale problems
The first large scale problem has been selected from Kazerooni et al. (1997) , they specified 7 machine cells with 4, 2, 2, 4, 5, 4 and 3 machines in the cells 1-7, respectively. To see the data sets, including processing routes and demand of parts, in order to specify material flow among machines, refer to Kazerooni et al. (1997) . The unit intra and inter-cell material handling cost per unit distance are assumed 5 and 10 units, respectively; also the aisle distance is assumed 0.5 units. This problem has been solved in two conditions, in the first condition i.e. L1-1, the layout of machines within all cells is single row and in the next one i.e. L1-2 the layout of machines in cells 1, 4, 5 and 6 are multi rows and in the remaining cells are single row. The optimum layout of L1-1 and L1-2 has been presented in Table 12 . L1-1 was interrupted after 10000 seconds, while L1-2 was terminated by the solver due to insufficient physical memory after 3927 seconds. Amount of material handling cost for L1-1 (i.e. single row layout) is 79910 with an optimality gap of 9.19%; while for L1-2 it is 77385 with an optimality gap of 28.98%. Therefore, it is concluded that for the problem presented by Kazerooni et al. (1997) , the multi rows layout is better than single row layout. The next large scale problems (L2 and L3) have been selected from Chan et al. (2006) .They studied a two stage CMS problem on an industrial case with 37 machines and 30 parts, where the machine cells and part families are formed in the first stage, and cell sequencing is established in the second stage. They founded two different solutions for their problem (see Table 11 ) and investigated different cells sequence in order to find the best sequence of the cells how total intercellular part movement being minimized. Finally, they realized that the optimal objective value for the both solutions is equal to 21.
Table 11
Presented machine cells by Chan et al. (2006) as well as machine indexes used in this paper Problem Cell number Machines (Source paper) Machines (This paper)  L2  1  3 , 4, 15, 19, 24, 34, 35, 36, 37 1-1, 1-2, 1-3, 1-4, 1-5, 1-6, 1-7, 1-8, 1-9 2 7, 8, 9, 10, 11, 12, 13, 16, 18, 20, 21, 26 , 31 2-1, 2-2, 2-3, 2-4, 2-5, 2-6, 2-7, 2-8, 2-9, 2-10, 2-11, 2-12, 2-13 3 14, 17, 22, 27, 28, 29, 30 3-1, 3-2, 3-3, 3-4, 3-5, 3-6, 3-7 4 1, 2, 5, 6, 23, 25, 32, 33 4-1, 4-2, 4-3, 4-4, 4-5, 4-6, 4-7, 4-8 L3 1 1, 5, 14, 17, 22, 29, 30 1-1, 1-2, 1-3, 1-4, 1-5, 1-6, 1-7 2 3, 4, 15, 19, 24, 34, 35, 36, 37 2-1, 2-2, 2-3, 2-4, 2-5, 2-6, 2-7, 2-8, 2-9 3 2, 6, 23, 25, 27, 28, 32, 33 3-1, 3-2, 3-3, 3-4, 3-5, 3-6, 3-7, 3-8 4 7, 8, 9, 10, 11, 12, 13, 16, 18, 20, 21, 26, 31 4-1, 4-2, 4-3, 4-4, 4-5, 4-6, 4-7, 4-8, 4-9, 4-10, 4-11, 4-12, 4-13 (1997) Now the IFLP is imployed to solve the proposed problem by Chan et al. (2006) . It is assumed that the unit inter and intra-cell material handling cost per unit distance is 2 and 1 units, respectively, also the aisle distance is assumed 0.5 units.
L2 and L3 were solved and the results have been illustrated in Table 12 . Unfortunately, these problems have not been solved with good optimality gap and the relative gaps are 58.35% and 55.32% for L2 and L3, respectively. However, the primary results almost support the equality of L2 and L3, which was reported by Chan et al. (2006) .
A heuristic method for large scale problems
In order to solve large scale problems in a short amount of time, a heuristic method have been developed. In this heuristic method, the integrated model is decomposed into three sub models. The first submodel (Model F1) creates a primary department layout, the second one (Model F2) uses the outputs of Model F1 to assign facilities to the existent department layout, then the third model (Model F3) uses the outputs of Model F2 to re-design the department layout and improve the inter-department material handling costs. Again, model F2 is implemented to re-assign facilities to the existence layout, in order to minimize total material handling costs. This procedure between Model F2 and Model F3 continues, until no further improvement resulted in the objective function. The stages of proposed heuristic are explained in detail in the next stages.
Stage 1
In this stage, a primary department layout is created according to the following MIP model. 
In the above model, is total material flow cost between department and department , and is calculated as follows: ∑ ∑ .
; also and measure the horizontal and vertical distances between department and department , respectively, all remaining parameters are the same before defined. After solving Model F1, total material handling cost is set to ∞ and the solutions i.e. , and are placed as the inputs of the next model (Model F2).
Stage 2
In this stage, facilities are arranged within the existent department layout according to the following MIP model.
Model F2:
min 19 subject to: (20)- (23), (26)- (29), (34) and (39)- (41) 2 1 . .
2 . 1 . 
Stage 3
In this stage the department layout are re-designed according to Model F3; in fact this model changes the position and orientation of departments in order to improve the inter-department material handling cost. In this submodel there are eight states for each department with respect to other departments that must be considered in the mathematical model, these states have been illustrated in Fig. 2 . In this section, the proposed heuristic method is implemented to solve the same problems presented in section 5. The results are compared against the IFLP. The computational results have been summarized in Table 14 .The column of resource time shows the maximum time for each iteration of the heuristic method. Also the error percent column 'Error (%)'has been calculated as follows:
100. The results show that in cases of S1-2, M1-1, M3-2 and L1-2 the objective value of the proposed heuristic is equal to that of IFLP, and in cases of M2-1, L2, L3 the heuristic method even obtained better solution than the IFLP. Also in the remaining cases, the average error percent between the IFLP and heuristic method is about 2.2%. Therefore, it is deduced that the proposed heuristic is an efficient method for solving problems in reasonable time.
Conclusions
In this paper, an integrated layout model was developed to incorporate inter and intra-department layout. First, a modified version of QAP, namely GRQAP, with fewer binary variables was developed; in contrast to traditional QAP, the GRQAP can solve the problems in a shorter computational time and with less physical memory. Then the IFLP was formulated based on the GRQAP in order to minimize total material handling cost. Several numerical examples were selected from the literature of CMS and the IFLP applied on them. Also due to the complexity of integrated model, an efficient heuristic method was developed in order to solve large scale problems in short amount of time. Finally, it was deduced that in contrast with the ICFLP, the proposed heuristic could even obtain better solution over a short amount of time.
